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Quantum corrections to critical phenomena in gravitational collapse
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We investigate conformally coupled quantum matter fields on spherically symmetric, continuously self-
similar backgrounds. By exploiting the symmetry associated with the self-similarity the general structure of the
renormalized quantum stress-energy tensor can be derived. As an immediate application we consider a com-
bination of classical, and quantum perturbations about exactly critical collapse. Generalizing the standard
argument which explains the scaling law for black hole mass,M}uh2h* ub, we demonstrate the existence of
a quantum mass gap when the classical critical exponent satisfiesb>0.5. Whenb,0.5 our argument is
inconclusive; the semi-classical approximation breaks down in the spacetime region of interest.
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I. INTRODUCTION

Choptuik@1# demonstrated that, for suitably chosen init
data, black holes of arbitrarily small mass can form in t
gravitational collapse of a massless scalar field. Specifica
if the strength of the initial data is characterized by so
parameterh, say, then there exists a critical valueh* such
that the corresponding solutions to the Einstein-scalar fi
equations are divided into three classes:

~i! Sub-critical solutionshaveh,h* ; the collapsing mat-
ter eventually disperses leaving behind flat space.

~ii ! Critical solutions have h[h* ; they exhibit self-
similar echoing in the neighborhood of a central singular
The same echoing solution develops independent of
shape of the initial data.

~iii ! Super-critical solutionshaveh.h* ; the scalar field
collapses to form a black hole. The masses of black ho
which form in marginally super-critical evolutions obey
scaling law such that

M}uh2h* ub ~1.1!

whereb'0.37 is independent of the initial data.
Since Choptuik’s initial discovery, critical point behavio

has been studied in a variety of models for gravitational c
lapse@2–5#. Whenever black hole formation turns on at i
finitesimal mass, precisely critical evolutions exhibit som
form of self-similarity and the black-hole mass scales as
Eq. ~1.1! with a model dependent exponent.

The properties of black holes are radically changed
quantum field theory. Since the work of Hawking@6# it is
well known that black holes formed by gravitational collap
will radiate particles via quantum processes precisely a
black body with a temperature, the Hawking temperatu
proportional to the surface gravity of the black hole. Fo
Schwarzschild black hole the Hawking temperature,TH , is
given by

kTH5
\c3

8pGM
~1.2!
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where M is the mass of the black hole. Consequently,
black hole radiates energy at a rate proportional toM 22. It
follows that a black hole of massM evaporates away by th
Hawking process in approximately 10226(M /1 g)3 seconds;
black holes of very low mass, such as those formed in m
ginally super-critical collapse, evaporate away almost inst
taneously.

It would be of great interest to determine how the clas
cal picture of marginally supercritical collapse is modified
quantum gravity; unfortunately this is beyond current tec
niques. A more modest program is to examine quant
fields in critical spacetimes, and from this study to infer t
semi-classical corrections to the classical evolutions. In
paper we undertake such an investigation. We focus atten
on models of gravitational collapse in which black-hole fo
mation turns on at infinitesimal mass,and the critical solu-
tion exhibits continuous self-similarity:1 perfect fluid col-
lapse and a class of Brans-Dicke models belong in
category. The continuous self-similarity allows us to infer
great deal about the renormalized quantum stress-energy
sor for conformally coupled fields in a precisely critic
spacetime. Moreover, generalizing the classical, perturba
treatments of Koikeet al. @7#, Maison@8#, and Gundlach@9#
to include semi-classical corrections, we can infer the pr
ence of a quantum mass-gap at the threshold of black
formation whenb.0.5. ~For perfect fluids with pressure
proportional to energy density, i.e.p5kr, b increases
monotonically from about 0.106 whenk50 to 0.820 when
k50.899 passing throughb50.5 atk.0.53.! Our argument
is quite robust, requiring minimal assumptions about se
classical corrections to general relativity. It is worth notin
that a mass-gap which originates with quantum effects w
not be universal in general. This observation is a direct c
sequence of the non-locality of the renormalized stre
energy tensor which carries information about the initial d
which led to the collapse.

1By continuous self-similarity, we mean that there exists a vec
field j such that Eq.~2.4! is satisfied.
© 1998 The American Physical Society06-1



ed
d
ity
tw
d

o
lf
-
tl

ffe
o

ta
on
to
hi
o
o

c
e
a
ize
in
a
nt
th
l-

ar
en
es
a
e
ly
t

m

in
he
.

ex

sk

e
lar

ni-

e,
t the

ce
ho-

s
ce-
us,

ap-
is

nce

ell
r a
be

ol-
cal
si-
the
(

he
n;
y

s-
ch-
igh
e by

PATRICK R. BRADY AND ADRIAN C. OTTEWILL PHYSICAL REVIEW D 58 024006
We may contrast our approach with that of two relat
sets of work. First, Ayal and Piran@10# have made a detaile
numerical study of scalar-field collapse in general relativ
including a quantum stress-energy tensor, inspired by
dimensional considerations, as a source. There are two
ferences with our approach:~1! As Ayal and Piran deal with
scalar field collapse the critical spacetime in their case c
tains only discrete self-similarity and not continuous se
similarity as we have assumed here.~2! The quantum stress
energy tensor used by Ayal and Piran is not exac
conserved; by contrast ours arises from a renormalized e
tive action and so by constuction is conserved. Second, B
et al. @11,12# have studied semi-classical effects in gravi
tional collapse in the framework of two-dimensional dilat
theories. They have shown that quantum effects lead
mass-gap at the threshold of black hole formation in t
theory. Unfortunately, it is not clear whether the critical s
lution in their model exhibits any form of self-similarity, s
it is difficult to directly compare with the present work.

The paper is organized as follows. In Sec. II we introdu
self-similarity in the context of spherically symmetric spac
times. The purpose is to highlight those features which
important in the subsequent discussion of the renormal
stress-energy tensor~RSET!. This discussion is presented
Sec. III A which reviews the properties of the conform
transformation law for the RSET of a conformally invaria
field. This law contains anomalous terms arising from
trace anomaly. Self-similarity allows the metric of the co
lapse spacetime to be written in a conformally station
form. The conformal transformation law for the RSET th
allows time-dependence of the RSET to be derived in th
spacetimes. In Sec. III C we show how this information c
be incorporated into the standard classical, perturbative tr
ment to include semi-classical corrections. From this ana
sis we infer that, when semi-classical effects are accoun
for, there is a mass gap at the threshold of black hole for
tion when the classical critical exponent exceedsb.0.5. We
finish with a brief discussion of the results.

II. SELF-SIMILARITY AND SPHERICAL SYMMETRY

It is convenient to use a retarded coordinateu, and to
write the spherical line element as

ds25e22u@2G~u,z!du222H~u,z!dudz1z2dV2#,
~2.1!

where dV25du21sin2u df2. Notice that the radius of the
two-spheres is given by

r ~u,z!5ze2u. ~2.2!

Since these coordinates are unfamiliar it is worth elucidat
a couple of simple, but important, points. The origin of t
coordinate z coincides with the symmetry origin, i.e
r (u,0)50. Surfaces of constantz are timelike in a neighbor-
hood of the origin; generally this neighborhood does not
tend over the entire patch covered by the coordinates (u,z).
This is clearly demonstrated by an example. In Minkow
spacetime the metric functions areG(u,z)5122ze2u and
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H(u,z)51, so thatz changes from timelike to spacelik
whenz5eu/2. Nevertheless, the metric is manifestly regu
across this hypersurface. Finally, we note thatr→` as u
→2` on surfaces of constantz, while r→0 asu→` along
the same surfaces.

The spacetimes of interest below evolve from regular i
tial data, and develop a singularity atr 50 as a result of
gravitational collapse of some matter field. We normalizeu
so that the singularity is located at infinite coordinate tim
and that the proper time as measured by an observer a
origin is exponentially related tou, that is (t2ts)}e2u

wherets is the proper time at the singularity.
Black-hole formation may be inferred from the existen

of an apparent horizon which expands to meet the event
rizon at late times~assuming that cosmic censorship hold!.
Surfaces of constant radius change from timelike to spa
like at the apparent horizon in spherical spacetimes. Th
the normal to a surface of constant radius is null at the
parent horizon, and the equation for an apparent horizon

gab¹a r¹b r 5~G12zH !H2250. ~2.3!

Self-similar spacetimes are characterized by the existe
of a vector fieldj such that

Lj g522g, ~2.4!

whereg is the metric tensor. The above coordinates are w
adapted to discuss self-similarity since the line element fo
spherically symmetric, self-similar spacetime can always
written as in Eq.~2.1! with

G~u,z!5Gss~z!, ~2.5!

H~u,z!5Hss~z!, ~2.6!

andj5]/]u. Explicitly, we have

ds25e22u@2Gss~z!du222Hss~z!dudz1z2dV2#,
~2.7!

so thatgmn5e22uḡmn wherej5]/]u is a Killing vector for
the metricḡmn .

In some studies of phase transitions in gravitational c
lapse, continuous self-similarity is observed in near criti
evolutions when black hole formation turns on at infinite
mal mass. This is schematically depicted in Fig. 1 where
spacetime diagram represents the collapse of criticalh
5h* ) initial data. The shaded region indicates t
asymptotic approach to self similarity in the central regio
in preciselycritical evolutions this region extends all the wa
to the singularity.

III. SEMI-CLASSICAL THEORY OF CRITICAL
COLLAPSE

The explicit computation of the renormalized stres
energy tensor for quantum fields is beyond current te
niques except in certain exceptional circumstances with h
symmetry. Nonetheless, significant progress can be mad
6-2
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exploiting the self-similarity of critical spacetimes and
powerful tool which has been developed by Pageet al.
@13,14#.

A. Renormalized stress-energy tensor

At the quantum level it is well known that renormaliz
tion breaks the conformal invariance of a classically conf
mally invariant theory. This is manifested in the existence
the trace anomaly. As a result the renormalized stress-en
tensor does not simply scale under conformal transforma
but also acquires geometrical corrections. Quite genera
Page has shown that the RSET for conformally coup
fields in a spacetime (M,g) can be obtained from the RSE
in the conformally related spacetime (M,ḡ), where gmn

5e22vḡmn , by the following transformation rule:

^Tm
n&5e4v^Tm

n&18ae4v@~vC̄amb
n! :ab

1 1
2 vR̄abC̄amb

n#2b@~2Hm
n24Ra

bCam
bn!

2e4v~2H̄m
n24R̄a

bC̄am
bn!#2 1

6 g@ I m
n2e4v Ī m

n#.

~3.1!

Here a colon denotes covariant differentiation with the na
ral connection for the metricḡmn :

FIG. 1. Schematic representation of the spacetime of crit
collapse. Surfaces of constantz are indicated as dashed lines. Th
retarded time coordinate goes fromu52` at past null infinity to
u5` at the Cauchy horizon indicated by CH; a singularity forms
r 5z50, u5`. The shaded region indicates the asymptotic
proach to self-similarity near the singularity.
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Hmn52Rm
aRan1 2

3 RRmn1~ 1
2 RabRab2 1

4 R2!gmn,
~3.2!

and

I mn5
1

Ag

d

dgmn
E Agd4xR2

52R;mn22RRmn1~ 1
2 R222R;a

;a!gmn. ~3.3!

Here, ^Tm
n& and ^Tm

n& denote the RSET in some state o
(M,g) and in the conformally related state on (M,ḡ). The
coefficientsa, b andg depend on the spin of the field; ifhs
denotes the number of helicity states for fields of spins, then

a5@12h0118h1/2172h1#/~2945p2! ~3.4a!

b5@24h0211h1/22124h1#/~2945p2! ~3.4b!

g5@8h0112h1/21~48 or 272!h1#/~2945p2!.
~3.4c!

The ambiguity in the coefficient ofh1 arises from the choice
of renormalization method but is irrelevant to our discussi

For our purposes, it is convenient to rewrite the first te
using the identity

~vC̄amb
n! :ab1 1

2 vR̄abC̄amb
n5vB̄m

n1v :bC̄amb
n:a

1v :aC̄amb
n:b1v :abC̄amb

n

~3.5!

where the Bach tensorBmn is defined as

Bmn5
1

Ag

d

dgmn
E Ag d4x 1

4 CabgdCabgd

5Ca
m

b
n;ab1 1

2 RabCa
m

b
n. ~3.6!

Furthermore, since@15#

Rab
gd5e4v@R̄ab

gd1terms involvingv :r# ~3.7!

we find

^Tm
n&5e4v^Tm

n&18ave4vB̄m
n

1e4v @ terms involvingv :r#. ~3.8!

There is an ambiguity in the RSET relating to thev con-
tribution, that is, thelogarithmof the conformal factor in Eq.
~3.1! that we must now discuss. There is an arbitrary ren
malization scale hidden in the logarithm so that a const
conformal transformation, which corresponds simply to
change in length scale, changes the RSET by the additio
a multiple of the Bach tensor.~Since the Bach tensor arise
from a conformally invariant action it is traceless, so th
ambiguity does not effect the trace anomaly.! In the next
subsection we will see that this merely corresponds t

l

t
-

6-3



ts

-

al

m

e
l

r

i

gy

w
o
v

th
e

i-

lf

ig
e
o

o
s

a-
y
lf-

ors
g

for
nd-

.

u-
for

en-
-

lly
tum
to
al
or

tive
n

ng
ge
ole
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choice of renormalization point for the coupling coefficien
in a generalized Einstein action.

A direct application of Eq.~3.8! to the self-similar space
times of Eq.~2.7! with e2v5e2u determines theu depen-
dence of the RSET in the physical spacetime. Schematic
we can write

^Tm
n&5e4u^Tm

n&~z!18aue4uB̄m
n~z!1e4uS̄m

n~z!,
~3.9!

whereS̄m
n(z) denotes a tensor constructed from the geo

etry of (M,ḡ) andv :m5dm
u which cannot depend onu since

j5]/]u is a Killing vector of (M,ḡ). The state dependenc
is carried by the RSET̂Tm

n&(z) computed in the conforma
spacetime; it is independent ofu sincej is a Killing vector in
this spacetime, and we expect the quantum states of inte
to respect this symmetry.

B. Semi-classical equations

In general, quantum field theory in curved spacetime
only renormalizable~at one-loop! when viewed as part of a
general theory of the gravitational field with a low ener
effective action of the form

I 5E
M

S 1

16pG
~R22L!1

a

4
CabgdCabgd1bR2D .

~3.10!

The coupling constantsL, a and b of this effective theory
must be measured. Therefore the ambiguity associated
the regularization scale is a manifestation of our lack
knowledge of physics at Planck scales—the boundary of
lidity of any effective theory based on an expansion of
gravitational action in powers of curvature. The generaliz
~semi-classical! Einstein equations can be written as

Gmn1Lgmn58pG@Tmn1e~^Tmn&12aBmn12bImn!#
~3.11!

where e is a counting parameter which is unity if sem
classical effects are included and zero otherwise.

The classical, critical solution corresponds to a se
similar solution to these equations withe50 andL50. We
wish to consider perturbations to such solutions which or
nate with small deviations from critical initial data in th
presence of quantum matter. A non-zero cosmological c
stant would change the value ofh at the critical point, but
the asymptotic solution should be unchanged provided 1/AL
is larger than the initial matter configuration. For this reas
we assume thatL remains zero. Thus, we look for solution
of these generalized equations of the form

G~z,u!5Gss~z!2~h2h* !gc~z!evcu1egq~z!evqu

~3.12!

H~z,u!5Hss~z!2~h2h* !hc~z!evcu1ehq~z!evqu.
~3.13!
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It is unnecessary to consider changes inguu since they can
always be removed by a first order coordinate transform
tion. The value ofvc is determined by solving a boundar
value problem for the classical perturbations of the se
similar solution; this has been done by several auth
@8,7,9#. However,vq52 is easily determined by computin
the Einstein tensor to linear order in\ for the line-element in
Eq. ~2.1! @with G(z,u) and H(z,u) determined by Eqs.
~3.12! and ~3.13! respectively#, and comparing theu depen-
dence with that of the RSET in Eq.~3.11! as determined by
Eq. ~3.9!.

C. Modified mass scaling

We can now consider the modified scaling relation
black hole mass. In the self-similar spacetimes correspo
ing to the critical point of gravitational collapseGss
12Hssz.0 everywhere, i.e., there is no apparent horizon

Substituting the perturbed quantities into Eq.~2.3!, the
apparent horizon is located at (zh ,uh) such that

F~zh ,uh!5Gss12Hsszh2~h2h* !~gc12hczh!evcuh

1e~gq12hqzh!evquh

50. ~3.14!

Now, the radius of the apparent horizon is related to (uh ,zh)
by Rh5e2uhzh so that Eq.~3.14! can be rewritten as

F~Rh ,zh!5Gss12Hsszh

2~h2h* !~gc12hczh!zh
vcR2vc

1e~gq12hqzh!zh
vqR2vq

50. ~3.15!

The classical limit (e50) has been explored by other a
thors who have argued that the observed scaling relation
black hole mass is determined by solving Eq.~3.15! for Rh in
this limit @7,8#. Thus, one arrives at the relation

Rh}~h2h* !1/vc. ~3.16!

For perfect fluids with pressure proportional to energy d
sity, i.e.,p5kr, the classical parametervc decreases mono
tonically from about 9.46 whenk50 to 1.22 whenk
50.899 passing throughvc52 at k.0.53 @7,8#.

As the mass of the black hole which forms in margina
super-critical collapse approaches the Planck mass, quan
effects will become significant. Moreover, it is reasonable
expect that quantum matter will compete with gravitation
collapse eventually averting formation of a black hole f
somehq sufficiently close toh* . The conclusions that can
be drawn from our analysis depend strongly on the rela
magnitudes ofvc andvq , therefore we break the discussio
into two cases.

~i! When vc,vq the functionF(Rh ,zh) is represented
schematically in Fig. 2. It is approximately constant duri
the self-similar phase of the evolution. For sufficiently lar
h, classical gravitational collapse takes hold and a black h
6-4
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forms at Rc . Note that the function has a minimum
smaller Rh , and a second root atRq . As h decreasesRc
→Rq until the roots coincide at some critical value of th
parameterhq . Whenh,hq , no black hole forms. Thus, we
can infer a mass-gap at the threshold of black hole forma
in semi-classical collapse.

~ii ! Whenvc>vq we can say less about the critical poin
Figure 3 showsF(Rh ,zh) in this circumstance for the two
casese50 ande51. As h→h* semi-classical effects hav
a significant effect causing the radius of the apparent hori
to be reduced compared to the purely classical result; the
only a single root of Eq.~3.15!. Once again, there is a critica
value hq of the parameter which marks the point when t
apparent horizon radius corresponds to the boundary
which curvatures reach Planck scales and we can no lo
trust semi-classical calculations. Quantum gravity, or at le
a better approximation to it, is needed to properly determ
the critical point behavior.

IV. DISCUSSION

The conclusion arrived at here is not rigorous. We do
fully understand quantum gravity, or how to fully incorpo

FIG. 2. The horizon location is determined by the roots of
function F(Rh ,zh) in Eq. ~3.15!. We show here a schematic repr
sentation for several values ofh which determine deviations from
classically critical initial data, andvc,vq . For sufficiently largeh
classical collapse takes hold and a black hole forms atRc . The
function has a minimum, however, and another rootRq exists. Ash
is tuned to a critical valuehq the two roots coincide. Whenh
,hq no black hole forms. Thus a mass gap exists at the thres
of black hole formation in semi-classical collapse.
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rate semi-classical effects into gravity. Nonetheless we h
been able to make some progress in understanding s
classical effects in critical spacetimes by studying the str
ture of the renormalized stress-energy tensor for conform
coupled fields in the critical background spacetime.
modifying the perturbative arguments which are used to
tain the critical exponent observed in classical collapse
have been able to infer a mass gap at the threshold of b
hole formation in semi-classical theory. This conclusion
lies heavily on the assumption that quantum matter tend
oppose black-hole formation. The validity of this assumpti
can not be addressed without a complete calculation of
renormalized stress-energy tensor in the dynamical sp
times of near critical collapse. Such a computation would
very difficult requiring the development of new technique
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FIG. 3. The horizon location is determined by the roots of t
function F(Rh ,zh) in Eq. ~3.15!. When vc>vq and h→h* the
function has a local maximum, however the classical terms alw
dominate asRh→0. The dashed line isF(Rh ,zh) in the absence of
quantum corrections whenh5h1. By assumption, quantum correc
tions decrease the size of the black hole as indicated by the s
decrease in the root whene51 andh5h1. Whenh5hq the black-
hole horizon lies at the boundary of Planckian curvature and
must appeal to quantum gravity to understand the quantum co
tions to the near critical evolutions.
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